We shall show the Gevrey wellposedness of the Cauchy problem for the hyperbolic equations of third order with coefficients depending only on time. For the proof we use the suitable energy of the third order equations. § 1. Introduction
For the hyperbolic equations of second order, F. Colombini, E. De Giorgi, E. Jannelli and S. Spagnolo got the results concerned with the relation between the Gevrey wellposedness and the regularity of the coefficients (see [2] , [3] and see also [4] , [6] , [10] ). In this paper we shall extend their results to the hyperbolic equations of third order.
We 
u=i
In general, the suitable weakly hyperbolic condition for the equation (1) We can easily see that the condition (4) is stronger than the condition (5) . The third order equations have 3 real characteristic roots AI (t, f) , ^2 (*, f) , ^3 (t, ?) such that /U(f, f) <;b(£, f) ^3(f, f) for V £G [0, T] , v £<EBf. Thanks to thecondition (4) , we find that the characteristic roots of the equation (1) satisfŷ i(f,f) <0, X 2 (t, ?) = 0, A 3 (t, ?)>0. This fact gives many benefits in the treatment of the hyperbolic equations of third order. In this paper we don't use the condition (5) . Actually changing the characteristic direction, any type of weakly hyperbolic equations of third order can be reduced to the equation (1) under the condition (4) .
Then we can prove the following theorem (concerning the difinitions of the spaces of functions, see the end of § 1) . [7] and see also [2] ).
Remark 2.
If one replaced the weakly hyperbolic condition (4) by the condition (5) , the same regularity as the coefficients b tj (t) would be needed for the coefficients a t (t), i.e., a t (t) or a l (t) \ e C k+a ( [0, T] ) .
Remark 3. Precisely the positive function jj. (t) is a strictly decreasing function. Therefore fjL (T) is less than ^0 (= fJ. (0)). However if we take large enough y>0, #(T) can be chosen arbitrarily close to fa.
With a different method, Y. Ohya and S. Tarama got more general results for the weakly hyperbolic equations of higher order (see [11] and see also [14] ). They assume that all the coefficients of the highest order terms belong to the same Holder class with respect to time. For the third order equation (l) whose coefficients satisfy (2) , (3) when k -0, we relax the regularity of the a_ coefficients ai(t) from C* to C 2 . Moreover according to their result, in order that the Cauthy problem for the weakly hyperbolic equations of third order is well-posed in 7 5 , it is necessary that the Gevrey exponent s satisfies
(the multiplicity r=3).
The multiplicity of the characteristic roots for the equation (l) , is also 3, but the range (6) when fc = 0, is wider than the range (8). We know that the range (6) for the third order equation (1) coincides the range for the second order equations (see [3] ). This improvement is due to the fact that one of the characteristic roots is identically equal to 0 and the regularities of the other two characteristic roots become more smooth. We shall next consider the strictly hyperbolic case. Instead of the weakly hyperbolic condition (4) , we assume the restricted type of the strictly hyperbolic condition for the third order equation (1)
In this case we don't need to consider the smooth coefficients in comparison to the weakly hyperbolic case. Therefore we shall suppose k = 0 in (3) and assume the following instead of (2) .
Then we can prove the following theorem. As it is well known, the order (dimension) of the strictly hyperbolic equations (systems) is independent of the range of the Gevrey exponent s. Therefore the range (10) coincides the results of [2] for the strictly hyperbolic equations of second order and [l] for the strictly hyperbolic equations of the higher order and [8] for the strictly hyperbolic systems. In the strictly hyperbolic case we can not improve the assumption of the regularity for the coefficients ai(t) (see (2) with k = Q and (2)'). Thus Theorem 2 is included by the results of [1] , [8] .
We also consider the more general equation of third order in [0, T] X E% ../-I ,-1
where L is the operator defined as
and the coefficients of the lower terms satisfy
In this case we also assume the restricted type of the weakly hyperbolic condition (4) . Generally the lower terms influence on the wellposedness of the Cauthy problem for the weakly hyperbolic equations (see [3] , [5] , [9] , [13] , etc.) . Therefore we shall assume the following conditions corresponding to a sort of Oleinik condition for the weakly hyperbolic equation of third order (12) . (14) (15) (2) , (3) and (4) . Furthermore the coefficients of the lower terms satisfy (13) , (14), (15) Our proofs of the theorems and the corollary are based on the methods of the energies for the hyperbolic equations of third order (see the definitions of the energies (50) for the weakly hyperbolic case and (57) for the strictly hyperbolic case). Thanks to these energies, we can get the inequalities (7), (11) and (20) which denote the differences between the regularity of the solution and the regularity of the initial data. When 5 = 1, the problem (1) is well-posed in 7 1 which is the topological vector space of analytic functions on W 1 (see [2] for the weakly hyperbolic equations of second order and see [7] for the weakly hyperbolic systems including the third order equations). Therefore we can suppose s> 1 for the proof.
In virtue of Holmgren's theorem we get the uniqueness of solutions to (1) and can suppose that UQ(X) , u\(x) and u 2 (x) belong to 70-Hence by PaleyWiener theorem we shall assume that (22) sup ^(<5>,Vol + <e>Juil + |u 2 |) < + «>. §e=R?
Moreover Ovciannikov theorem gives the existence of solutions (see [3] , [8] , [12] ) . Our task is to investigate the regularity for x of the solution, namely, to derive the energy inequality (7) .
By Fourier transform the Cauchy problem (1) is changed to , where v = u, and vi=ui (l = 0, 1, 2) , and a (t,
Now we must separate the proof of Theorem 1 into three parts according to the smoothness of the coefficients.
Caseoffe=0
We first treat the case of k = 0 which implies that both coefficients a (t, $) and b (t, £) belong to Holder classes in t. Since these coefficients are not differentiate, they can not enter into the definition of the energy directly. Therefore we shall regularize them as follows. (24) a e (f .£) =7/_j» 0 + T, ?) <p(f )dr, where C 4 = 3C 0 +1, Cs^co, C 6 = 5(l+a). Thus Gronwall's inequality yields
Here we shall introduce the following useful lemma.
Lemma 0 (Colombini, Jannelli, Spagnolo) Let f (t) be a real function of class C k^a on some compact interval /CR, with k integer >1 and 0<a<l, and assume that f(t) >0 on L Then the function f k+a is absolutely continuous on I. Moreover
For the proof, refer to [3] . From the condition (4) we can apply this lemma to (40). Since s ( = ft~1} <l j r^~, we find ^r^-/c<0 and (f)^~X< ys+zr-* Hence we take e= <?)/ +a and obtain
where C 7 = C 4 + C 5 , 0i (f) is a bounded function independent of ? and satisfy 0i (0) =0 and &(0 >C 6 Ca)l|-&+£ 1+a <?)lP<?):
1^. 
Case of k>2
We finally treat the case of k> 2 which implies that both coefficients a(t, ?), b(t, ?) belong to C 1 class in t at least Therefore we don't need to regularize the coefficients a (t, f), b (t, f) .
With the coefficients a (t, f), 6 (f, f) we shall define the following energy.
Differentiating (42) in t, by (23) we get
Before we estimate the terms /" and II"' + III"+ IV", we shall culculate the parts concerned with the coefficient a (t) in advance. (28) , (36) , (42) We shall only introduce the definition of the energy. In order to reduce the proof to the argument of § 2, we shall culculate the parts concerned with the lower terms.
In (29) , (37) , (43) the following term also appears. 
>0
for any given T>0. In conclusion we also get the energy inequality (51) if the lower terms satisfy (13) which is the condition concerned with regularity and (14), (15), (16) which are the conditions corresponding to a sort of Oleinik condition for the third order equation (12) 
